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Abstract

The aim of this paper is to study viscosity approximation methods in reflexive Banach spaces. Let
FE be a reflexive Banach space which admits a weakly sequentially continuous duality mapping
j: E — E*, C a nonempty closed convex subset of E, u,, m > 1 a sequence of contractions on
C and T,,, n =1,2,3,--- N a finite family of nonexpansive mappings on C'. We show that under
appropriate conditions on x the implicit iterative sequence 7., defined by

T = kpin (7)) + (1 — ) T s

k

where x € (0,1) converges strongly to a common fixed point 7 € () Fr,. We further show that
n=1

the results hold for an infinite family 75, n € N of nonexpansive mappings.
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1 Introduction

Let E denote a reflexive Banach space which admits a weakly sequentially continuous duality
mapping j: F — E*, and let E* be the first dual of E. Let J be the normalized duality mapping
J: E — 2F" defined by Jz = {u € E* : (z,u) = ||lz||[lpl; ||| = llull}, ¥ = € E. The single-valued
duality mapping will be denoted by j; and Fr will denote the set of fixed points of T' given by
Fr={x€E:Tx =z}

We denote the strong convergence of the sequence {z,} in E to z € E by z, — = and the weak
convergence by x, — z.

Let E denote a real Banach space, C a closed convex nonempty subset of E. Given a mapping
T:C — C, T is called (-Lipschitzian if there exists a constant ¢ > 0 such that
[Tz =Ty l|<(lz—yl, ¥V pair z,y € E.

T is nonexpansive if for every pair z,y € E, || Te — Ty ||<|| z —y ||. T is said to be a contraction
on C' if a constant a € (0, 1) exists such that for every pair z,y € E, | Te —Ty [|[< a ||z —y ||. We
denote by ], the set of all contractions on C.

Recently, K. Aoyama and Y. Kimura [1] introduced an iterative scheme by the viscosity approximation
method with a sequence of contractions and proved the strong convergence of

Ynt1 = Anfn(Yn) + (1 = An)Tnyn, 1 €C,
in a Hilbert space H, where C is a nonempty closed convex subset of H, f € [], and X, € [0, 1].

In [2], H. K Xu proposed the iterative scheme {z.} given by
Tw = Kf(xe) + (1 — r)Txk

where f € [[,, x € (0,1) and T is a nonexpansive mapping on C, and proved the strong convergence
of z, to a fixed point of T'.

Again in [3], Yisheng and Rudong proved that as k — 0, z, = P(kf(zx) + (1 — k)Tz«) converges
to a fixed point of 7" in a Banach space.

The schemes above are major results which have emerged from the pioneering work of A. Moudafi
[4] who introduced the explicit iterative scheme

1 En
n :7T n - .
I L

where ¢, is a sequence of positive numbers in R such that €, — 0 as n — oo, f is a contraction on
C and T is nonexpansive defined on C; and obtained results in Hilbert spaces. Such a method for
approximating fixed points is called viscosity approximation method.

f(xn)y z1 € C:

In this paper, motivated by the achievements of Aoyama & Kimura [1], Xu [2], Yisheng & Rudong
[3] and Chang [5] we prove the strong convergence of the sequence

T = Kn(Te) + (1 — ) Th7x
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in a reflexive Banach space E which admits a weakly sequentially continuous duality mapping
j: E — E” toacommon fixed point of the family T}, ,n = 1,2,--- , N. This generalizes and improves
several recent results. Particularly, it extends and improves Theorem 4.1 of [2] and Theorem 2.2 of
[3].

2 Preliminaries

Lemma 2.1

(Xu, [2]) Let E be a Banach space and C a bounded closed convex subset of E. Let T': C — C
be a nonexpansive mapping on C' and p € [],. Given a real number « € (0,1), define a mapping
T.:C — C by Tex = kpu(z) + (1 — K)Txz Vo € C Then T, is a contraction on C.

Proof
Let z,y € C. Then
[T = Tyl = % () + (1 — )T — [ uly) + (1 — )T
= ||k [u(z) — w(y)] + (1 — &) [Tz — Ty
< kallz =yl + (1 = K)llz -yl
= (ka+ (1 = &))||z — |

=1 -r(1-a))lz -y
Since 1 — k(1 — a) € (0,1), Tx is a contraction. [ ]

Theorem 2.2

Let FE be a reflexive Banach space with dual E* and bidual E**. Let C be a bounded closed convex
subset of F. Let u, be a sequence of contractions on C' such that

n €C* Vn>1
and
pn(z) < pinyi(z), Vn, z € FE
. If prn converges pointwise on C' to a contraction p then the convergence is uniform.

Proof

Let fn(z) = p(z) — pn(z) for each n € N. Then f, is a sequence of contractions on the compact
set C such that f,(z) > fat1(z) >0 for all z € Cand n € N.
Moreover,

lim fu(z) = lim {(z) — pn(2)} = 0

n—oo n—oo
Let My = sup{fn(x):z € C} and let € > 0 be given.
Also let

En={2€C: fulw) <&} = fi " (~0,))

Then E, is open for each n and E, C E,41 because fn(z) > fnt1)().
Since for each x € C nh_}rgo fn(z) = 0 there exists n € N such that f,.(z) < & which implies x € E,.

Thus oo, En is an open cover for C and |, En = C. Since C is compact there exists a finite
subcover for C' and in view of the fact that F, C Fn,y1, the largest of these also covers C'. Hence
there is N € N such that Ex = C and this means that fy(z) < ¢ for all x € C and n > N.

Thus My < € and since M, > 0, lim M, (z) = 0. This indicates that the sequence f, converges
n— oo

uniformly to 0 on C and therefore the sequence of contractions p, converges uniformly to ;o on C.H
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Lemma 2.3

(Chang, [5]) Let E be a Banach space and let C be a bounded closed convex subset of X. Let T,
n =1,2,---  k be a finite family of commuting nonexpansive mappings defined on C into itself.
Then N°_, Fr,, = Fr, where T = TyToT5 - - Ta1 T

Proof

Let = € ﬂi:l Fr,. Then z € Fr,, forn=1,2,--- k.
Hence
Thx =
foreach n =1,2,--- ,k. Thus x € Fr since Tax = ThTeT3 - Tr—1Trx = x and ﬂﬁzl Fr, C Fr.
Next, suppose x € Fr. Then
T1T2T3 e kalTkx = X.

Let T =Ti. Then Tex =Tz =x and = € Fp,
Again let T'=T1T>. Then
=Tz = T1T2:L' = Tlel' = TQJL’

Hence x € Fr, .
Next, if T'= T1T>T5 then we have
=Tz = T1T2T3ZE = T3T2T1:E = T3T227 = T3ZE

and this implies = € Fr,.

Finally, for N € N such that N > 1, let T' = T1T>T5---Tn—_1 and assume that @ € Fr, for each
n=1,2,--- ,k— 1. whenever T115T3---ITn_1x =

1\IOVV7 T = T1T2T3 e TN_lTN then

rx=Txr = T1T2T3 s kalTkl' = TleTQTB e TN71.’L‘ = TNZ'

Therefore © € Fr,. Thus, by induction if T17>T3---Tn_1Tnx = x then Thx = x for each n =
1,2,--- ,N and so x € ﬂfj:lFTk.
This follows that

k
Fr C m FTn.

n=1

The conclusion is that (\r_, Fr, = Fr. [ ]

Lemma 2.4

Let E be a Banach space and let C' be a bounded closed convex subset of E. Let T,, n =1,2,--- |k
be a finite family of commuting nonexpansive mappings defined on C' into itself. Let ﬂﬁ:l Fr, = Fr,
where T' = Th 157153 - - - T,—1T). Then the mapping T : C — C' is nonexpansive.

Proof

Let Z,Yy (S C. Then Tx = T1T2T3 e kalTk(x) and Ty = T1T2T3 L kalTk(y)
Now,
1Tz — Tyl = TWT2Ts - - Ta Ti(x) — TVIRTs - - Tha Ti(y) |

Next we show that Py is true V N € N.

Let
PN : HT1T2T3 cee TN_1TN(IE) — T1T2T3 cee TN—ITN(y)” S H:E — y“ v x,Y € C
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By hypothesis,
[The — Thyl < llz -yl V =,y € C.

Therefore Pyis true when N =1
Assuming that for some k € N, Py is true we get

||T1T2T3 oo T T — ThT5Ts - - - kalTkyH < ||1’ — y” vV x, ES C.
Finally by commutation of the nonexpansive maps;
V1215 - - TiThprw — TiToTs - - T Thoiryl| < | Thrw — Thayl| S flz—yll V 2,y € C

Thus [Tz — Ty|| < ||z — y| for all z,y € C and T is nonexpansive. ]

Lemma 2.5

(Xu, [2]) Let {an} be a sequence of nonnegative real numbers, {3, } a sequence in (0,1) and {¢n} a
sequence in R such that ani1 < (1—Bn)an+¢@n, n >0, where 307 B =ocoand Y | pn| < co.
Then o, — 0 as n — oo.

Lemma 2.6

(Yisheng, [3]) Let C' be a nonempty closed convex subset of a reflexive Banach space E which
satisfies Opial’s condition. Suppose also that T': C' — C' is nonexpansive and {z,} is a sequence in
C such that ., — Tz, — 0. Then z = Tz.

Lemma 2.7

(Chang, [5]) Let E be a Banach space with dual E*. Let J : E — 25" defined by J(z) = {f € E* :
(x, Y =zllIfl, llzll =Ifll}, V = € E be the normalized duality mapping on E. Then V z € E,
Vj(z) € J(z) and V j(z +y) € J(z +y), the following subdifferetial inequalities (i) and (ii) hold in
E.

@)l +yll* < llol* + 20y, 5 (@ +y))
(i) [lzl* +2{y,i(2)) < llz +y]?

Lemma 2.8

(Xu, [2]) Let E be a real Banach space with dual E* and let J be as in Lemma (2.7). If C is a
closed convex subset of E and u : C — C' is a contraction with coefficient « € (0, 1), then

(1= allz —ylI* <(UI —paz— I~ wy,jlz—y) ¥ 2,y €C,

and (I — p) is said to be strongly monotone where I is the identity operator.

3 Main Results

Theorem 3.1

Let E be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping j : E — E*, C' a bounded closed convex nonempty subset of E, u,, n € N, a sequence of
contractions on C such that p, (1) < pnt1(7), V1, 7 € C, and T,,, n = 1,2,3,--- | k a finite family
of commuting nonexpansive mappings on C such that NE_; F, # 0 and satisfies the condition

NF_\Fr, = F(T\TxTs - - Ty _1Tk) = Fr,
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where T' = T\T3T5 - - - Tj,—1Tk. Suppose also that for each p, € [[o, pu(p) # p, ¥V p € NN, Fr,,
k € (0,1) and the net {7, } satisfies the following condition;

Ki: |7« —T7|]| — 0 as kK — 0.
Then as kK — 0, the sequence

T = k() + (1 — 8)Th7x (3.1)
satisfies these two conditions;

Ks: lim 7, = 7" exists;
r—>0

K3 : 7" is the unique solution in ﬂf:;l Fr,, to the variational inequality

(I —p)*,j(r—7)) >0, ¥ 7€ Fr,

Proof
From Theorem 2.2, p, — p uniformly on C. Thus (3.1) becomes
T = k(1) + (1 — K) T 7.

Suppose A € C'is such that A € NE_, Fr .
Then
Il 7o = {1 = &)A+ mp(ra)} =1 (5p(7e) + (1= £)Tumi) = {(1 = £)A + kp(7a) } |l

= (1= r)(Tare = A) |l
SA=r) I 7a—All (3.2)
Again,
|7 = {(1 = R)A + wp(re)} 1= (1= 8) (7 = X) + £(7e — (7)) || (3.3)
By (ii) of Lemma 2.7,
(1= 8) | 7 = NP +26(1 = 6)(7e = (1), §(7e = X)) < || (1= 8)(7 = A) + (7 — (7)) |I°

Therefore
(1= r)? | 7w = A2 +26(1 = £)(T — (1), G(7 = A) <[l 7 = {(1 = ) + kpa(7)} ||

= 26(1 = &) (1 — (), 5 (7e = X)) <[ 7 = {1 = &)X+ ()} P =(1 = ) [ 7 = A ||?
= 26(1 = &)(Te = (1), 5 (T = A)) <0

Which follows that,
(To = p(7s), 4 (e = X)) < 0. (3.4)
To show that {7, : kK € (0,1)} is bounded we choose o € (0,1) and use the fact that
() = (), (e = X)) Sl e = Al 7w = A= a || 7 = A ||?

to obtain
(T = 1u(7x), 3(Te = A)) = ([T = A+ A= p(A) + p(A) — pu(7:)]; J(7a = X))

< (re = A (e = N)) 4 A= 1), G = ) + (1) = (), (e = A))

<I 7= A+ = (A, (e = A)) = (al7e) = w(A), (7 = X))
<7 = AP+ = oV, (e = A) = a || e = A |12
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<@ =a) | 7= X7+ = u), (7 = A)
Using (3.4), we get
(1=a) [ 7 = AP +A = p(N), G(7e = A) <0
Therefore,
(1= a) | 7 = AP< (A) = A, 51w = N) <L pN) = Al 7 = Al (35)
From (3.5),

|7 =A< ﬁ | e(X) — X || which shows that {7, : ¥ € (0,1)} is bounded.

Thus the sets {T'7. : & € (0,1)} and {p(7x) : k € (0,1)} are also bounded.
Next we show that lim0 || 7« — Tn7x ||= 0 for each n.
K—>

I 7 = T 1= wp(7) + (1 = 5) Tn7e = Toic ||

:H KU(TN) — KT n Ty ||
=k || p(re) = Tate ||[— 0.as K — 0
Thus condition K is satisfied.

Now suppose that {7, } is a subsequence of {7,.}. Since {7,.} is bounded and FE is reflexive 7, — 7"
as kn — 0, where {k,} is a sequence in (0, 1) such that k, — 0 as n — co. Then by Lemma
(2.6) and condition K, , 7* € N¥_, Fr, Now, using (3.5), we obtain

1
(1-a)

| T =7 17 (u(r™) = 77,4 (10, = 77))-

By the fact that j is weakly sequentially continuous,
J(Te, —7°) — j(r" —77) = §(0) = 0 as k, —> 0.

Hence 7., — 7" as kn, — 0
Next, we show that the entire net {7} converges to 7*. To this end we choose another subsequence
{7y, } of {7x} such that v, — 0 as n — oo.
Then by a similar argument as above
Ty — ™ e ﬂi:f:lFTn as yn — 0.
Finally, we show uniqueness of 7*.
Since 7, is bounded, the sets {7, — 7} for any 7 € N5_, Fr,, and {7 — uu(7.)} are also bounded and
the fact that j is single-valued and weakly sequentially continuous from E to E*, we get

1 {I - p)re, — (T =)™ ||— 0as 1s, —> 7.
Now, letting ¢ =|| {7k, — pt(7w,.), §(Tw,, — 7)) = ((L = p)7", 5 (7" — 7)) || we get
Y <\ (T — 1(700) s G (Tieyy — 7)) — (L — )7 (T, — 1)) || + | (L — )77, G, — 7)) — {({ —
w7, G =) ||
<A =) Ty =T = )7, § (T =) |+ [ (T = )77, §(Tie, = 7) = G(77 =) ||

NI =wren =T =) |l 7y =7 | + 1 (T = )77, §(7p =) =§ (7" = m)) |— 0 as 7, —> 7"

and as Kk, — 0
Thus by (3.4),

(I =y §(r" =) = lim (I~ )y 37, — ) <0 (3.6)
Similarly for any @ € NE_, Fr, , and by 7, — 7** as vy, — 0, we get
(L= G =) = I (I = )7y, g7 —7) <0 (3.7)
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Letting 7 = 7** in (3.6) and 7 = 7* in (3.7) we obtain
(I =7, 57" =77) <0 (3-8)
(I =p)r™, (7" =77)) <0 (3.9)
Adding up (3.8) and (3.9) yields
(T=p)r g =)+ =) § (7" = 77)) <0

which implies
(I =pr" (7" =77)) = (I = )7, (7" = 77)) <0 (3.10)

From (3.10) we get
(=7 =T =77, §(r" = 77)) <0. (3.11)

Combining (3.11) and Lemma 2.8 gives
A=) |77 =77 P (U =) = (L =)™ j(r" =) < 0.

Thus we have 7* = 7** [ |

Finally we show that 7° € ﬂﬁ:l F(T,) solves the variational inequality
(I =p)r",§(r=77)) = 0.
Since for each n, 7, solves the fixed point equation
T = kpin(Te) + (1 — k) Tate as & — 0,

we get
T = () = Kp(re) — () + (1 — )T
which implies
(I — w)7e = kp(1e) — KT + T7e — (%)

= w{p(re) = Tri} = {p(7s) = T}

= (k= D{p(re) — T7s}
= (1= ~){Tme — p(7)}

(I = 1y = (L= )T — [ — (1= 0)Tri]}
k(I — )1 =1 — k) (KT T — T + T'7c — KT'T)
K(I—=7)Te = (1 — k) (TTe — Tx)

k(I —pw)me=—1—=-r)I—-T)7%

Therefore for any 7 € ﬂﬁ:l F(Ty),

(= Wit —7) = — L= (1 Dyri) 7 = 7)

= —(1;"€)<(I—T)7',.€ - =-T)1,7—Tx)
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_a = ) (1 = T — (I = T, m — 7

Since (I — T') is monotone, (1=r) (I-T)re — (I —=T)71, 7w —T) > 0.
Thus "
(I = )T, 7—7s) > 0.
Now, 7. — 7" as k — 0 ; hence by virtue of the duality pairing between z and j(z) for any z € F
and any j(z) € J(x),
(I =7, j(r=77)) <0
|
We next consider an infinite family 71, 75,7T3, - -+ of nonexpansive commuting maps on C'. For the
purpose of achieving our objective, we group these mappings into equivalent classes each of size N
where N € N. Thus the iteration of study becomes

T = kppn (7)) + (1 — K) Lo, m€C, n>1

where T, = T5,(mod N).

Lemma 3.2

Let E be a nonempty set. Then all equivalent classes of E are disjoint and E is the union of its
equivalent classes.

Theorem 3.3

Let E be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping j : E — E*, C a bounded closed convex nonempty subset of E, u,,n € N, a sequence
of contractions on C such that p, (7) < pn41(7), Vn, 7 € C, and T,, n = 1,2,3,-- -, an infinite
family of commuting nonexpansive mappings on C such that ﬂgzl F(T,) # 0 and satisfies the
condition ﬂgzl Fr, = F(WT2T5---Tn-1Tn) = Fr, where T = T1T>T5 - - - Tn—1Tn. Suppose also
that for each pn €[], p(p) #p,Vp € ﬂgil Fr, , k€ (0,1) and the net {7, } satisfies the following
condition;

Ki: ||t — T7]| > 0as k — 0.

Then as k — 0, the sequence

T = Kpin(Te) + (1 — £) T T
where T;, = T,,(mod N) satisfies these two conditions;

Ko : lim 7., = 7™ exists;
r—0

K3: 7 is the unique solution in ﬂgzl Fr, to the variational inequality

N
(I=pr",j(r=77)>0,V7e () Fr,
n=1
Proof
The proof is done by partitioning the infinite family 7,,, n =1,2,3, - into equivalence classes of

size N, for a positive integer N. Thus, all the assumptions made for the finite number of nonexpansive
maps in Theorem 3.1 hold for each class. Again, since equivalent classes are disjoint, there are no
spillovers into other classes. Therefore any result that is true for one class will also hold for other
classes. Consequently, the result is a priori true from Theorem 3.1. |
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4 Conclusion
In [2], Xu considered an implicit iteration;
Tw = Kf(xe) + (1 — 8)Tzk (4.1)

and showed that as k — 0 z,, — ™ € Fr. He chose a fixed f € Hc and proved in a general Banach
space (Theorem 4.1) and specifically in a Hilbert space (Theorem 3.1) the strong convergence of x,

Yisheng and Rudong in [3, Theorem 2.2] proposed an implicit iterative scheme for the sequence z
defined by

2w = P(kf(ze) + (1 — K)Txy) (4.2)
and demonstrated in a reflexive Banach space the strong convergence of z,. Again they chose a
fixed contraction f on C.
The iterative scheme

T = Kpin (i) + (1 — £) T Tee (4.3)

with a sequence of contractions and a finite family of nonexpansive mappings is a more general
sequence than (4.1) and (4.2). Thus Theorem 3.1 is a generalization of [2, Theorem 4.1] and [3,
Theorem 2.2].
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