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1. Introduction

Q_ function f : K — R, where K is an interval of real numbers, is called convex if the following inequality
holds:

flrun+ (1 =rjuz) <rf(ur) + (1 —7)f(u2), 1)

for all uj, up € K and r € [0,1]. Function f is called concave if — f is convex.
The Hermite-Hadamard inequality [1] for convex functions f : K — R on an interval of real line is:

uy + 11y : /M2 fur) + f(u2)
< e
F(M5) < ot [ s < ST, @
where 11, up € K with uy < up. Then Fejér [2] introduced the weighted generalization of (2) as follows
U +u up 1 us u + u U
£ [Pt < L [ gty < LTI gy ®
2 Uy 1/[2 - 1/{1 Uuq 2 Uuq

where ¢ : [u1, u3] — R is nonnegative, integrable and symmetric to (17 + 1) /2. For more results and details
see [3-14].

Definition 1 ([15]). Let £ C R\ {0} be a real interval. A function f : £ — Ris said to be harmonically convex,
if

f (M) <rf(u) + (1 —=7)f(m), 4)

forall uy,up € K and r € [0,1]. If the inequality in (4) is reversed, then f is said to be harmonically concave.

Dragomir [16] gave the Hadamard’s inequality for convex functions on the co-ordinate which is defined
as:

Definition 2 ([16]). A function f : A = [uq,up] X [v1,v2] € R? — R is called convex on the co-ordinate with
u1 < up and vy < v, if the partial functions

fy [, ua] = R, fy(a) = f(a,y) and fr 2 [o1,02] = R, fx(c) = f(x,¢)

are convex for all x € [u, up] and y € [v1, 7).
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Definition 3 ([17]). A function f : A = [u1,us] x [v1,v2] € R? — R is called co-ordinate convex on A with
Uy < up and v1 < vy, if

flrx+ (1 =r)zry+ (1 -tw) <rtf(xy) +r(1-0)f(xw) + (1 -7)tf(zy) + (1 -1 -1)f(zw),
forallr,7 € [0,1] and (x,y), (z,w) € A. For more results and details see [16-19].

Definition 4 ([20]). A function f : A = [ug, up] X [v1,v2] C (0,00) x (0,00) — R is called co-ordinated
harmonically convex on A with u; < u and v1 < vy, if

f Xz yw
rx+(1—r)z'ty+(1—1

)w) < reflay) +r(1 =D f(x,w) + (1= )Tf(zy) + (1 - (1 —1)f (z,w),
forallr,7 € [0,1] and (x,y), (z,w) € A.

Clearly, a function f : A = [uy,up] X [v1,02] C (0,00) x (0,00) — R is called harmonically convex on the

co-ordinate with 1 < uy and vy < v, if the partial functions

fy [m,u] = R, fy(a) = f(a,y) and fy 2 [o1,02] = R, f(b) = f(x,b)

are harmonically convex for all x € [uq,up| and y € [v1, v], see [21] for more details.

Definition 5 ([22]). Let [u1,u2] C R be a finite interval. The left- and right-side Katugampola fractional
integrals of order a(> 0) of f € X! (uy,uy) are defined by,

1 S0 = s [ - e o,

and
1—a

I f ) = Fos [ e

with 1 < x < up and p > 0, where X! (uy,u) (c € R,1 < p < o0 ) is the space of those complex valued
Lebesgue measurable functions f on [u1, up] for which || f|| x? < 00, where the norm is defined by

I = ([ |tﬂf<t>|pd:>“” <o

for1 < p < oo, ¢ € R and for the case p = oo,
Hf||X§° = €S8 SUPy <t<up A GIE

Definition 6 ([23]). Let f € Li([u1, up] x [v1,v2]). The Katugampola fractional integrals PlﬁZI,‘fi’i,yl 4

P12 I;fli gy—r FLP2 Izzli v, + and F1e2 Iffﬁ _of order &, B > 0 with a,c > 0 are defined by

U2

wp ol 0y P px 1 B—1,01—1 01
0102 7% = = < _ 01 _ o1 )a=L (02 _ gP2\p— 11— 1g02—
Lo fOoy) = sty [ =) e - )P s sy,

with x > uy, y > vy,

I o1y P e a1 B—1,p1—1 021
Pt fy) = S [ /y (a1 — 1) (502 — 2B s L £ s)dsdt,
withx > uy, y < vy,
a1
P% “0a g

w2y
Pl,pzlzﬁﬂﬁf(x,y) = /x z/v (th1 — xPl)”‘_l(yPZ _ SPZ),B_ltPl_lsPZ—lf(t,S)dsdt,

T(@)I'(p) . !
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with x < up, y > v1, and

wp e aPé g 2 1 B—1;01—1 001
PLP2 ] flxy) = / / (#1 — xP1)8= 1 (sP2 — o2\ BV =g =1 £(4 ) dsdt,
-y (50 C(a)T(B) Jx Jy Y /
with x < up, y < vy, respectively, where the Gamma function I' is defined as I'(« f et 14y,

In the next section, we give result for harmonically convex functions in one dimension.

2. Hermite-Hadamard-Fejér type inequalities

In this section, we give Hermite-Hadamard-Fejér type inequalities for harmonically convex functions via
Katugampola fractional integral in one dimension which will play a key role for the results in the next section.
Latif et al., [24] defined following useful definition:

Definition 7 ([24]). A function & : [u1, up] € R\{0} — R is said to be harmonically symmetric with respect to

2uquz / (ur + up) if
1
) = b ()
Fra-]

Lemma 1. Let p > 0. Ifh : [uf,uf] C (0,00) — R is integrable and harmonically symmetric with respect to
Zuqug/(u’lj + ug), then

holds for all x € [ug, up].

(44 (44 1 (14 (44
le/uz—i—(hog)(l/uF])) =F Il/ul—(hog)(l/u‘;) = E {pll/uz—&-(hog)(l/uq) + p11/u1—(h°g)(1/“g)} ’ (5)
with o > 0 and g(xf) = 1/xF.

Proof. Since & is harmonically symmetric with respect to Zu’{ug/ (u’l7 + ug), then by definition we have h(%) =

h <1p+11p—xf’> ,forall x € [ 1,21 ”1} In the following integral, by setting t* = p + - — xP, we get
1 2

plfzx 1 1 a—1 1
Ml —
e (o)1) = 5 7 <u§’ _tp> v <tP) “

u2

This completes the proof. [J
Remark 1. In Lemma 1, if we take p — 0, we get Lemma 2 in [25].

Theorem 8. Let p > 0. Let f : [uf,u5] C (0,00) — R be a harmonically convex with uy < uy and f € Lq[uy, up).
Ifh : [uf,uf] C (0,00) — R is nonnegative and harmonically symmetric with respect to 2u!uby / (uf +15), then the
following inequalities hold:

2uP uf
f ( J‘l“%) P18 (00 8) (/1) 4 By (o ) (/)] < [PIE) (o 9)(1/08) 4 By (FH0 ) (1/18)]
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uf uh
< LU EIOR) fogg (o g)(1/05) +9 1, (o 8) (1/8)] ©

with o > 0and g(xP) = 1/xF.

Proof. Since f is harmonically convex on [uf, 15], we have for all r € [0, 1]

f (i%) = f 20ty
Uy iy (rPul + (1 - rP)ug> + (rPuz +(1—7r°)u P)

ufluy uf uf
< f (rpu P (1—1P)u ) +f (rf’u br(1- rP)u )
— 2 .

@)

0.0
Multiplying (7) by r*~1h (M) on both sides and integrate with respect to [0, 1], we get

2f< zpuqugp> /1 P ( iy )dr

uy +ub ) Jo rPul + (1 —rP)uf]
< /1 rtxpflf ( ”qug > h < uFlju‘g ) dr
~Jo rPulfl + (1 —rf)ub rPub + (1 —r0)u)

o P o p
+/ po-1g hih n ) dr
reub + (1 —rP)uf] rPub + (1 —rf)uf]

. . . - . Pub+(1—rf)uf]
Since h is harmonically symmetric with respect to 2u’1J ug / (u‘l7 + u‘;) By setting xf = %, we get

p “ PP «—1
’ ufu f 2uy iy /1/”1 oL h (1> dx
ub — uf] ufl +ub | 1/, ub xP
-1
< u’ljug N /1/141 o i ‘ f
- ug — u"lJ 1/up ug +
-1
1/m 1\" 1 1
-i-/ F—— ()h()dx
1/uy < uﬁ) f xP xP

o a—1
_ [ /1/“1 1 f
- I Qo I
Up — Uy 1/uy uy

uPuf ‘ 2l uf
( - 2p> p“—lrm)f( - %) P18 (o Q) (1/4) +° 18, (o @) (1/u) ]

Uy +u2

Mpblp :
< ( ! 2p> oI () (P18, (Fho Q) (1/u) +0 1y (FRo)(1/)] . (®)

This completes the first inequality. For second inequality, we first note that if f is harmonically convex function,

then we have ) o o o
f ( . ul”z_ p) +f ( Uy, P> < f(uﬁj) +f(u§) 9)

rpug + (1 —=rP)uj
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Pu +(1—rP)uf

1 p.P PP
/ peo=1 g ) h uy Uy dr
0 Pufl + (1 —rP)ub rPub + (1 — 1P )uf
PP p.p
+/ po—1 g o ) I hih dr
rPub + (1 — 1P )uf] Pub + (1 —rP)uf

o0
< (F() + £ (1)) /(ﬁ“f“h( o )p>dr/
1

rPub + (1 — 1P )u

PP
Multiplying (8) by r*~1h (r ' ) on both sides and integrate with respect to r € [0, 1], we get

ie.,

P
L)

p 14
( 12 P) p“flr(a) [Pff/ulf(fh og)(l/ug) +P I{‘/Mﬁ(fh Og)(l/uf)}

=i
S(ﬂﬁ)ﬂwwwﬂﬁ@ﬂ@w

;3 Ly (ho)(1/1) +9 1, (ho ) (1/1)].

This completes the proof. [

Remark 2. 1) In Theorem 8, if we take p — 1, we get Theorem 5 in [25].
2) In Theorem 8, if we take p — 1 and &« = 1, we get Theorem 8 in [26].

3. Hermite-Hadamard-Fejér type inequalities on co-ordinates

In this section, we established some new results by using Katugampola fractional integrals on
co-ordinates. First we give the following result:

Theorem 9. Let a, B > 0and p1,pp > 0. Let f : A = [ufl', ub'] x [0]?,v5?] C (0,00) x (0,00) — R be a co-ordinated

harmonically convex on A, with 0 < uy < up, 0 < v1 < va. If h : A — R is nonnegative and harmonically symmetric

2u§1 ugl 21/1]2052 A. Th
on A. Then

PURE 2R

with respect to

P S S V¥ A (6 S B S ST Ty LIS
u(171+u2 Ufl)2+vz 1/u1—1/v1— u(271 0(2)2 1/u1—1/v+ u‘;l 0(172
P2 P 11 P2 [P 1 1
+P1 szl/u2+l/'U]*h g (M‘IH, v‘;n) + plPZIl/M2+,1/vz+h g( 51)1,07‘11)2
1

<=

, w,B 1 1 , wpB 1 1
s 00 (g ) ¢ a0 (g

, a,ﬁ 1 1 , ,x,ﬁ 1 1
+ p211/uz+,1/01*(fhog) <p1192> = p211/uz+,1/02+(fhog) (”?IU?

f(u§ ,vl )+f(”§ ,08) + f(uf)! fvl )+ f(uh', o)
4

a,p 1 1 ) B 1 1
X [P] szl/ul_l/vl_hog (ngl’vzm> + P1 pZIl/H1—1/02+h g (Ll‘gl,vgQ

B 1 1 00 T%B 1 1
O 10, O 8 <up1'vpz> el o 8 (upl'vpz o 10
1 1 0

<

holds, where g(xP1,yr2)

I
/N
=
A~
<
&
-
N
~—
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Proof. Since f is co-ordinated harmonically convex on A, we have

f1,,01 02,02 f1,,01 02,02
f 2uq Uy 2] 02 <1 f Uy Uy vl Uz
O P17 02 = 01 P17 02
ul' + b o + o2 4 et + (1 —rer)ub'” 200 4 (1 — 1P2)v
P1 02,02
”1 ”2 01 Uz
rP1 u‘ol -|- rPl) ufr’ TPZz)gZ -|- TPZ
P1 02,02
v f ”1 i Z’1 Z’2
bt + (1 — P )ulft” P2 4 (1 — t2)
02,02
v f “1 ”2 U1 % (11)
re1uh! — P )l 12002 4 (1 — 7P2)of?
uPlugl UPZUFZ)Z

Multiplying (11) by rf1¢~1¢f2f=1p < ) on both sides and then integrating with

LB+ (1—rP1 ) TP2002 +(1—-7P2) 02
respect to (r, T) over [0,1] x [0,1], we get

01,01 02 Pz P1,,P1 0202
f 2uy Uy 20 / / 11 op-1p Uy Uy , (A drdt
ult +ubt o + vpz bt + (1 — e )ulflt " Te20h? + (1 — 72)of?
01,01 02,02
<1[//f uy Uy V170,
— 7
4| Jo Jo rPlupl +(1— rPl)ug1 TPZUPZ +(1- TPZ)U‘gz
P1,.P1 P2..02
h i , %1 % o= leb=lg,47
1t + (1 — e ) ulflt " 12002 + (1 — 72)of?

/ / f ”1 ugl v’fzvgz
Pt (1 — P )ubt” 02002 + (1 — T02)0f?2

h ullljl ”gl 01132092 o1a—1 pzﬁ—ld d
r T rdt
bt + (1 — P )ult” 02002 + (1 — T02)0f?

01,01 02,02

/ / f Uy Uy 017
P1 017 02 02
rPrubt 4 (1 — ren)ul” TP20% 4 (1 — T02)7

P1,,01 2,02
) )

bl 4 (1 —rP1)uflt " Te208? + (1 — 12) 0l

rPr1e=1 021 3,01

1,01 0202
+/ / f Uy Uy U1
bl 4 (1 —rP1 )l T0208? + (1 — 12) 0l
P1,,P1 02,02
Uy Uy U1 %

p1a—1.02=1 7.7
, r T rdt|.
bl 4 (1 —rP1 )l Te208? + (1 — 12) 0l

PLubY (101 )ul]? 02052 4 (1—1°2 )02

By change of variables x1 = W and y”? = Wl and using the symmetric property of
1 172
h, we find
pLet \® [ 202 \ P P11 P2 02
Uy Uy Uy f 2uy Uy 2271 2)2
uy! — ! ) \op? —of? uy' iy oy oy
a1 p—1
/01 p1/ug 1 1 1
X — P2 — — xP1 1y =1y ( ) dxd
/1/‘02 /1/142 < Ll‘gl ) <y Z)gz Y 1’ yr2 Y

o« a—1 -1
1 ufhuf) oo \P [ e 1 1 1)’

4 01 o1 o2 _ P2 01 Y = 02
4\ uh! —uf v’ — ) /0y J1/uy uz v

<
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1 1 1
x xfP1~1yp2 =1 , —,— | dx
' fi+%wm%+mwz i
U
1/7)1 1/1/11 1
s @
1/vy 1/uy 2

o
B—1
2
B—1
1/'()1 1/M1 1 1 1 1 1 1
02 _ p1—1,,00—1 = s
1/vp /1/u2 ( ) (]/ ) . Y f (xP1'1+2_yP2 h(xﬂl’ym)dxdy
l/?}] 1/1,{1
e (
1/‘02 1/112

B—1
(ypz > xpl_lyp2_1f
_ 1 u’fl ug] : v’fzvgz P
4 u,gl o ,;71

1/0, 1/u1 1 iy p-1
/ / [ i ypz
/0y J1/uy u‘l’l of?
X xPl—lypz—lf

1/7)1 1/1/11
e
1/2)2 1/142
1/'(}1 1/M1 1 a=l
* ey
1/1}2 1/142 ugl
1/7}1 1/111
e
1/vy 1/uy
Thus, we get
rarp) (g N (e N2l 2l
PT“P;/% uh' — uf! vy —of? “F1)1+”2 o+ of?

o2 [P 11 o2 [P 11
X |f>1 pzll/ulfl/vlfho <MP1’0P2> + 7 2Il/ulfl/szrh g( 1’.002
1

8
2 U "2
) (X,ﬁ 1 1 , a,ﬁ 1 1
+ P1 Ple/Hﬁll/U]ihog <u?’v?> + A1 P211/u2+ 1/vz+h g( 11,va2
TrE) (il (e )
11—« 1-B P1_ P 02 02
40, %0, Uy — T Y
p 1 1 B 1 1
% [Pl Ple/ulfl/m (fhog) (uzl, 92) + PuP2 11/u1,1/02+(fh0g) (lelqu
o 1 1 p 1 1
+P1P211/uz+’1/vl (fhog) (ullvm)—i_ P1P Il/uﬁl/vﬁ(fhog) (ulrvpz .
U 1 %

This completes the first inequality of (10). For the second inequality of (10) we use the co-ordinated
harmonically convexity of f as:

P1,,P1 02,02 01,01 02,02
f( Uy iy U1 0 >+f< Uy Uy 1'% )

1t 4+ (1 —rP1)ubt” 720l + (1 — 72)0h? 1t 4+ (1 —rP1)ubt " 70200? + (1 — 7P2)of?
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P10 020 P1,.P 020
N f ull uzl ’ ,012,022 + f ”11 1/{21 I ,012,022
bt 4 (1 —rP1)ufl? " 7020? + (1 — 7P2) 0> 1t + (1 — P )ulflt " Te20h? + (1 — 12) ol
<f(u1 101)+f(u21 p2)+f(u1 rvz)+f(u2 ’02) (12)

f1,.P1 0202
. . o1a—1 0251 Uy Uy U7 Uy . . .
Thus multiplying (12) by rP1*~ 2P~ h (rﬂl T QT 2 ()2 and integrating with respect to

(r,T) over [0,1] x [0,1], we get the second inequality of (10). Hence the proof is completed. [

Theorem 10. Let o, > 0and py,pp > 0. Let f : A = [uf',ub'] x [0}?,05?] C (0,00) x (0,00) — R bea

co-ordinated harmonically convex on A, with 0 < uy < up, 0 < vy < vy and f € L1[A]. Ifh : A — R is nonnegative

2u1 ugl ZUPZU

and harmonically symmetric with respect to P e p2+ 2= on A. Then the following inequalities hold:
L)

zupl uPl ZZJPZZJPZ 1 1 1 1
14 1% p P21
f < , 014 lel/ul_l/vl_hog ufgl,vfgz + PP 1/111—1/v2+h 8\ o1,

”1 —l—ugl 01 —l—vz
oy 1 1 0 7B 1 1
+ M szl/u2+,1/vl—h og <upl’ vpz> + P P2Il/u2+ 1/v2+h og (upl’ 57

1 Zvﬁ)zvgz B 1 1
<P Il/u [fogl ( +U lel/vl_hogz 7‘2)1’@
1\ ]

20‘02 02

+P1[1/ 102

017
up
o 1 o 1
81 g’ o 4o 1/v+ 82 0 o
1 ZUPZUpZ 1 1 ]
1 o7 72 il
+ Il/u+[ Ogl< W o 4 o —hog o
1 2UPZUP2 1 1 7]
P1 =71 72 el
+ Il/u+l og1< q' PZ+UP2 1/v +hog uf vfz |
2uf"uf 1 1)\]
1
ot fres (G ) o (g
2u‘” 1 1 1]
1 2
+ lel/v [f 82 ( p ) Il/uz-i-hogl <um’ o2
U 1 02 /]
P1 P1 T
uf uz 1 11
+° 1/v+ [f 82( ﬁ’ ) iy -ho g <§ ?

8 2uP1 Pl
+ szl/vz+ {fogz oy, p1' Pz 11/u2+hog1 p1' Pz

o,p 1 1
<2 | P pzll/ul—,l/vl—fh (ugll U/;z) + P szl/u1—1/vz+fh (u UPz)

, aUB 1 1
+ o pZIl/Hz-‘r,l/Ul—fh Og

2 01
1 1
I I Y hog | —— —
uflal ng) 1/u2+,1/v2+f 8 ”!171 U,ll?2
1 1 1
o B
§P1156/u17 [fogj( — 2> pzll/v +hog2 (um'zﬂz)]
2 0
1 1
+ PlI{‘/M1 fog <p P2> PZIf/v _hog (up]’z)m>]
Uy 2 U
o B 11
+ Ry |f [ ° 81 (p 2> p211/v (hoga <up vpzﬂ
Uy 1 9
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+ Pll?/uz-&- fogl

4 PZIf/vl_ fog2

2If/vz-‘r f ©82

[ 1
+ lef/vl_ fog (u’ljl/pz
2

1Il/u _h °&81

B 1%
2Il/vz-&- fog (”21' of
1

<f(”qlrvl )"’f(”’flfvz )+f(”glfv1 )+f(“2 rvz
- 4

. B 1 1
X lplpzll/u /o -Nog <upl'vp2> + f pzll/u /o g( % Pz)
2 U

, a,ﬁ 1 1
AL a0 08 (w&) + AP Il/llz+ 1o+l < P p2>] : (13)
1

where g(xP1,yf2) = (xﬁl , yﬂz) g1 (xP1,yf2) = (x%l,ym) and gp(xP1,yf2) = (xpl, y%), respectively.

Proof. Since f is co-ordinated harmonically convex on A, then the function f; /e : [UF{ ,vz ’] = R, defined by

f1/x01 (y2) = f(<h, yf?) is harmonically convex on [0}?,05?] for all x*1 € [ 4+, pl} Then from (6), we have

CRAY IS o Y PR L (L4
r@ oo ) | 7 7o) 7 ey )Y
B—1
/v (1 1 1
P2 p2—1
+/1/vz (qu Y ) Y h(xm ypz)dy
1- p-1
_ 0 B /1/v1 ypz_i g < 1
—TB) | Ni/es o xP1 P2

B—1
1/ 1 1
P2 p2—1
+/1/UZ <v,1)2 y ) yfh (xpl ym)dy]
f(x%l’vl >+f(xpl’ pz) 1/01 1 /B ! 1 1
< /1 vgz dy

- 2 /0y xPl ’ ﬁ

p-1
+ /l/le 1 yf? ypz_lh ) dy| . (14)
1/, vflh xPl sz

dy

a—1

xP1~ 1(3([’1771) xP1 1(779{'01)

Multiplying both sides of (14) by T 2) and Pauilr @ , and integrating with respect to x
1

over {M, m

L L } respectively, we get
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1 1 P a—1 B—1 02_.02
a /1/141 /1/01 o L ypz_i xP1— 1y.02 1f 1 27)1702
Vs J1/0s uh 01 Ufz?z xP1’ P2 —l—vz
a—1 p-1
h( : ) /w1 o e
xP1’ yPZ 1/uy J1/0y ,01 U‘Ll72
1 vazvgz 1 1
! (xPl’Pervpz " (xpl yF’Z) v
1 1 B a—1 p-1
0( /1/1/11 /1/U1 ypz _ i xPl_lypz_l
1/uy J1/v, Uy ul 052
1 -1
1 1 1 1 1/uq 1/vy ‘ 1
Xf<xp1’yp2>h(xpl’ypz)dydx+/1/uz /1/7)2 (x P1> (U‘il)z ! 2)
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By adding the inequalities (15)~(18), we get
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This completes the second and third inequality of (13). Now, using the first inequality of (6), we find
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Adding (19) and (20) and using the fact that  is symmetric, we get
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This completes the first inequality of (13). Now, to achieve the last inequality of (13), applying the second
inequality of (6) as:
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By adding the inequalities (21)~(24), we get the last inequality of (13). O
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Remark 3. 1) From Theorems 9 and 10, we can get new Hermite-Hadamard-Fejér type inequalities for
co-ordinated harmonically convex functions via Riemann-Liouville fractional integral by taking p; =
02 = 1.
2) From Theorems 9 and 10, we can get new Hermite-Hadamard-Fejér type inequalities for co-ordinated
harmonically convex functions via classical integral by taking p; = pp =landa =g = 1.

4. Conclusion

In this paper, firstly we established the Hermite-Hadamard-Fejér type inequalities for harmonically
convex function in one dimension which is further used to establish the Hermite-Hadamard-Fejér type
inequalities for harmonically convex function via Katugampola fractional integral. The results provided in
our paper are the generalizations of some earlier results.
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