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Abstract

The determination of the number of representations of a positive integer by certain quadratic

forms is an important goal of number theory. Formulae for N(12i, 22j , 32k, 62l;n) for the nine

octonary quadratic forms appear in the literature, whose coefficients are 1, 2, 3 and 6. Here, we

determine formulae, for the numbers of representations of a positive integer by one hundred

and six different duodenary quadratic forms whose coefficients are 1, 2, 3 and 6.
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1 Introduction

It is interesting and important to determine explicit formulas of the representation number of
positive definite quadratic forms.
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The work on representation number N(1, 1, n) of quadratic forms has been started by Fermat in
1640 on x2+y2. It would be nice to obtain such simple formulas for other positive definite quadratic
forms so that we would be able to understand the number of solutions of the equation Q = n for
any positive integer n.

Later the formula

N(1, 1, n) = 4

 ∑
d|n,d is odd

(−1)
d−1
2


has been proved by Euler. First systematic treatment of binary quadratic forms is due to Legendre.
Afterwards it was advanced by Jacobi, with the proof of

N(1, 1, 1, 1, n) = 8

 ∑
d|n,4|d

d

 for x2 + y2 + z2 + t2.

The theory was advanced much further by Gauss in Disquisitiones Arithmetica. The research
of Gauss strongly influenced both the arithmetical theory of quadratic forms in more than two
variables and subsequent development of algebraic number theory. Since then, there are many
more representation number formulas obtained for quadratic forms. Especially, by means of the
deep theorems of Hecke [1] and Schoeneberg [2], Modular Forms have been used in the representation
number of several quadratic forms. The generalized theta series ([3],[4], [5]), quasimodular forms
([6],[7],[8], [9]). and several other methods have been also used for the representation number
formulae.

The divisor function σi (n) is defined for a positive integer i by

σi (n) : =
∑

d positive integer,d|n

di, if n is a positive integer, and (1.1)

σi (n) : = 0 if n is not a positive integer.

The Dedekind eta function and the theta function are defined by

η (z) := q1/24
∞∏

n=1

(1− qn) , φ (q) :=
∑
n∈Z

qn
2

(1.2)

where
q := e2πiz, z ∈ H = {x+ iy : y > 0} (1.3)

and an eta quotient of level N is defined by

f(z) :=
∏
m|N

η(mz)am , N,m ∈ N, am ∈ Z. (1.4)

Here we give the following Lemma, see[ [10] Theorem 1.64] about the modularity of an eta quotient.

Lemma 1 An eta quotient of level N is a meromorphic modular form of weight 1
2

∑
m|N am on

Γ0 (N) having rational coefficients with respect to q if

a)
∑
m|N

am is even,

b)
∑
m|N

mam ≡
∑
m|N

N

m
am ≡ 0 mod 24,

c)
∏
m|N

mam is a square in Q.

2
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For a1, ..., a12 ∈ N and a nonnegative integer n, we define

N(a1, ..., a12;n) := card{(x1, ..., x12) ∈ Z12|n = a1x
2
1 + ···+ a12x

2
12}.

Clearly N(a1, ..., a12; 0) = 1 and without loss of generality we can assume that

a1 ≤ ... ≤ a12.

Now let’s consider duodenary quadratic forms of the form

Q : = x2
1 + · · ·+ x2

a + 2(x2
a+1 + · · ·+ x2

a+b) + 3(x2
a+b+1 + · · ·+ x2

a+b+c)

+6(x2
a+b+c+1 + · · ·+ x2

a+b+c+d=12),

where, a, b, c ∈ Z,0 ≤ a ≤ 12, 0 ≤ b ≤ 12, 0 ≤ c ≤ 12, 0 ≤ d ≤ 12.

Table 1

(0, 2, 2, 8)
(0, 2, 4, 6)
(0, 2, 6, 4)
(0, 2, 8, 2)
(0, 2, 10, 0)
(0, 4, 2, 6)
(0, 4, 4, 4)
(0, 4, 6, 2)
(0, 4, 8, 0)
(0, 6, 2, 4)
(0, 6, 4, 2)
(0, 6, 6, 0)
(0, 8, 2, 2)
(0, 8, 4, 0)
(0, 10, 2, 0)

(1, 1, 1, 9)
(1, 1, 3, 7)
(1, 1, 5, 5)
(1, 1, 7, 3)
(1, 1, 9, 1)
(1, 3, 1, 7)
(1, 3, 3, 5)
(1, 3, 5, 3)
(1, 3, 7, 1)
(1, 5, 1, 5)
(1, 5, 3, 3)
(1, 5, 5, 1)
(1, 7, 1, 3)
(1, 7, 3, 1)
(1, 9, 1, 1)

(2, 0, 0, 10)
(2, 0, 2, 8)
(2, 0, 4, 6)
(2, 0, 6, 4)
(2, 0, 8, 2)
(2, 0, 10, 0)
(2, 2, 0, 8)
(2, 2, 2, 6)
(2, 2, 4, 4)
(2, 2, 6, 2)
(2, 10, 0, 0)
(3, 1, 1, 7)
(3, 1, 3, 5)
(3, 1, 5, 3)
(3, 1, 7, 1)

(3, 3, 1, 5)
(3, 3, 3, 3)
(3, 3, 5, 1)
(3, 5, 1, 3)
(3, 5, 3, 1)
(2, 2, 8, 0)
(2, 4, 0, 6)
(2, 4, 2, 4)
(2, 4, 4, 2)
(2, 4, 6, 0)
(2, 6, 0, 4)
(2, 6, 2, 2)
(2, 6, 4, 0)
(2, 8, 0, 2)
(2, 8, 2, 0)

(3, 7, 1, 1)
(4, 0, 0, 8)
(4, 0, 2, 6)
(4, 0, 4, 4)
(4, 0, 6, 2)
(4, 0, 8, 0)
(4, 2, 0, 6)
(4, 2, 2, 4)
(4, 2, 4, 2)
(4, 2, 6, 0)
(4, 4, 0, 4)
(4, 4, 2, 2)
(4, 4, 4, 0)
(4, 6, 0, 2)
(4, 6, 2, 0)

(4, 8, 0, 0)
(5, 1, 1, 5)
(5, 1, 3, 3)
(5, 1, 5, 1)
(5, 3, 1, 3)
(5, 3, 3, 1)
(5, 5, 1, 1)
(6, 0, 0, 6)
(6, 0, 2, 4)
(6, 0, 4, 2)
(6, 0, 6, 0)
(6, 2, 0, 4)
(6, 2, 2, 2)
(6, 2, 4, 0)
(6, 4, 0, 2)

(6, 4, 2, 0)
(6, 6, 0, 0)
(7, 1, 1, 3)
(7, 1, 3, 1)
(7, 3, 1, 1)
(8, 0, 0, 4)
(8, 0, 2, 2)
(8, 0, 4, 0)
(8, 2, 0, 2)
(8, 2, 2, 0)
(8, 4, 0, 0)
(9, 1, 1, 1)
(10, 0, 0, 2)
(10, 0, 2, 0)
(10, 2, 0, 0)
(12, 0, 0, 0)

We write N(1a, 2b, 3c, 6d;n) to denote the number of representations of n by a duodenary quadratic
form (a, b, c, d). Its theta function is obviously

ΘQ = φa (q)φb (q2)φc (q3)φd (q6) .
Formulae for N(12i, 22j , 32k, 62l; n) for the nine octonary quadratic forms (2i, 2j, 2k, 2l) =
(8, 0, 0, 0), (2, 6, 0, 0), (4, 4, 0, 0), (6, 2, 0, 0), (2, 0, 6, 0), (4, 0, 4, 0), (6, 0, 2, 0), (4, 0, 0, 4), and (0, 4, 4, 0)
appear in the literature, [11],[12],[13],[14],[15] and [16]. Here, we will classify all fourtuples (a, b, c, d)
for which ΘQ is a modular form of weight 6 with level 24. Then we will obtain their representation
numbers in terms of the coefficients of Eisenstein series and some eta quotients.

First, by the following Theorem, we characterize the facts that

φa (q)φb (q2)φc (q3)φd (q6)
are in M6 (Γ0 (24)) .

Theorem 2 Let

Q : = x2
1 + · · ·+ x2

a + 2(x2
a+1 + · · ·+ x2

a+b) + 3(x2
a+b+1 + · · ·+ x2

a+b+c)

+6(x2
a+b+c+1 + · · ·+ x2

a+b+c+d=12)

3
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where, a, b, c ∈ Z,0 ≤ a ≤ 12, 0 ≤ b ≤ 12, 0 ≤ c ≤ 12, 0 ≤ d ≤ 12, be a duodenary quadratic form.
Then its theta series is of the form

ΘQ = φa (q)φb (q2)φc (q3)φd (q6) = η−2a (q) η5a−2b (q2) η−2c (q3)
η5b−2a (q4) η5c−2d (q6) η−2b (q8) η5d−2c (q12) η−2d (q24) .

Moreover, it is in M6 (Γ0 (24)) if and only if (a, b, c, d) is given in the Table 1. Here we also see that
a, b, c, d are either both even or both odd.

Proof. It follows from the Lemma 1, holomorphicity criterion in [[17] Corollary 2.3,p.37] and the
fact that

φ (q) =
η5

(
q2
)

η2 (q) η2 (q4)
.

The condition
1a12a23a34a46a68a812a1224a24

is a square of a rational number implies that either a, b, c, d are both even or both odd integers.

Now let,
E6 (q) = 1− 504

∑∞
n=1 σ5 (n) q

n,

A1 (q) := η (z)6 η (3z)6 = q
∏∞

n=1 (1− qn)6
(
1− q3n

)6
,

A2 (q) := η (2z)12 = q
∏∞

n=1

(
1− q2n

)12
,

A3 (q) :=
η(2z)9η(3z)9

η(z)3η(6z)3
= q

∏∞
n=1

(1−q2n)9(1−q3n)9

(1−qn)3(1−q6n)3
,

A4 (q) :=
η(2z)10η(4z)10

η(z)4η(8z)4
= q

∏∞
n=1

(1−q2n)10(1−q4n)10

(1−qn)4(1−q8n)4
,

A5 (q) :=
η(2z)3η(3z)2η(4z)η(6z)η(8z)2η(24z)6

η(z)2η(12z)1

= q7
∏∞

n=1

(1−q2n)3(1−q3n)2(1−q4n)(1−q6n)(1−q8n)2(1−q24n)6

(1−qn)2(1−q12n)
,

A6 (q) :=
η(2z)3η(3z)2η(4z)3η(6z)η(24z)10

η(z)2η(8z)2η(12z)3

= q9
∏∞

n=1

(1−q2n)3(1−q3n)2(1−q4n)3(1−q6n)(1−q24n)10

(1−qn)2(1−q8n)2(1−q12n)3
,

A7 (q) :=
η(2z)η(3z)3η(4z)2η(12z)2η(24z)8

η(z)η(6z)3

= q9
∏∞

n=1

(1−q2n)(1−q3n)3(1−q4n)2(1−q12n)2(1−q24n)8

(1−qn)(1−q6n)3
.

Theorem 3 The set

{E6, E6 (2z) , E6(3z), E6 (4z) , E6(6z), E6(8z), E6 (12z) , E6 (24z) , A1, A1 (2z) , A1 (4z)

A1 (8z) , A2, A2 (2z) , A2 (3z) , A2 (6z) , A3, A3 (2z) , A3 (4z) , A4, A4 (3z) , A5, A6, A7}

is a basis of M6 (Γ0 (24)) . Moreover, the unique newform in S6 (Γ0 (3)) is A1,the unique newform
in S6 (Γ0 (4)) is A2, the unique newform in S6 (Γ0 (6)) is

∆6,6 (z) = A3 (z) + η (z)9 η (2z)−3 η (3z)−3 η (6z)9

=
1

4368
E6(4z)−

113

4368
E6(8z) +

545

4368
E6(12z) +

3935

4368
E6(24z)

−A1(z)− 8A1(2z) +
263

26
A1(8z) +

1059

13
A1(4z) + 2A3(z)− 10A3(4z),

4
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the unique newform in S6 (Γ0 (8))

∆8,6 (z) = A4 (z)− 4η (z)4 η (2z)2 η (4z)2 η (8z)4

=
1

4368
E6(4z)−

113

4368
E6(8z) +

545

4368
E6(12z) +

3935

4368
E6(24z)

+
263

26
A1(4z) +

1059

13
A1(8z)−A2(z)− 8A2(2z)− 10A3(4z) + 2A4(z),

the three unique newforms in S6 (Γ0 (24)) are

∆24,6,1 (z) =
1

4368
E6(4z)−

113

4368
E6(8z) +

545

4368
E6(12z) +

3935

4368
E6(24z)

+
7

9
A1(z) +

10

9
A1(2z) +

9109

78
A1(8z) +

29801

39
A1(4z)−

40

3
A2(2z)

+48A2(3z) + 168A2(6z)−
16

9
A3(z) +

128

9
A3(2z)−

542

3
A3(4z) + 2A4(z)

−54A4(3z) + 384A5(z)− 384A5(z) + 512A6(z),

∆24,6,2 (z) =
1

4368
E6(4z)−

113

4368
E6(8z) +

545

4368
E6(12z) +

3935

4368
E6(24z)

−11

9
A1(z)−

8

9
A1(2z) +

20341

78
A1(4z) +

89705

39
A1(8z) +

32

3
A2(2z)

−60A2(3z)− 48A2(6z) +
2

9
A3(z)−

232

9
A3(2z)−

542

3
A3(4z) + 2A4(z)

+54A4(3z)− 192A5(z)− 960A5(z) + 512A6(z),

∆24,6,3 (z) =
1

4368
E6(4z)−

113

4368
E6(8z) +

545

4368
E6(12z) +

3935

4368
E6(24z)

−7

9
A1(z) +

57695

234
A1(4z) +

49769

39
A1(8z) +

4

3
A2(z) +

32

3
A2(2z)

−48A2(3z)− 48A2(6z)−
14

9
A3(z)−

56

3
A3(2z)−

1882

9
A3(4z)

+2A4(z) + 54A4(3z) + 448A5(z)− 1344A5(z).

Proof. M6(Γ0(24)) is 24 dimensional, S6(Γ0(24)) is 16 dimensional, see [18] (Chapter 3, pg.87 and

Chapter 5, pg.197), and generated by

∆3,6 (z) = A1(z),∆3,6 (2z) ,∆3,6 (4z) ,∆3,6 (8z) ,

∆4,6 (z) = A2(z),∆4,6 (2z) ,∆4,6 (3z) ,∆4,6 (6z) ,

∆6,6 (z) ,∆6,6 (2z) ,∆6,6(4z),

∆8,6 (z) ,∆8,6 (3z) ,

∆24,6,1 (z) ,∆24,6,2 (z) ,∆24,6,3 (z) ,

where ∆3,6 is the unique newform in S6(Γ0(3)); ∆4,6 is the unique newform in S6(Γ0(4)); ∆6,6 is the
unique newform in S6(Γ0(6)), ∆8,6 is the unique newform in S6(Γ0(8)); and ∆24,6,1,∆24,6,2,∆24,6,3

are the unique newforms in S6(Γ0(24)).

5
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2 Conclusion

We have used Magma for the calculation of the coefficients in the Appendix. This work can be
extended to other positive even weights, greater than 6.
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Appendix

The following formulae for the representation numbers are valid.

N(22, 32, 68;n) = − 1
366 912

σ5 (n) +
1

366 912
σ5

(
n
2

)
+ 61

122 304
σ5

(
n
3

)
+ 1

11 466
σ5

(
n
4

)
− 61

122 304
σ5

(
n
6

)
− 32

5733
σ5

(
n
8

)
− 61

3822
σ5

(
n
12

)
+ 1952

1911
σ5

(
n
24

)
+ 115

273
a1(n)

+ 2606
819

a1(
n
2
) + 25 360

819
a1(

n
4
) + 92 416

273
a1(

n
8
)− 1

24
a2(n)− 8

3
a2(

n
2
) + 93

8
a2(

n
3
)

+24a2(
n
6
)− 8

21
a3(n) +

64
9
a3(

n
2
)− 2368

63
a3(

n
4
)− 12a4(

n
3
) + 32a5(n) + 32a6(n)

+128a7(n),

N(22, 34, 66;n) = − 1
183 456

σ5 (n) +
1

183 456
σ5

(
n
2

)
+ 61

61 152
σ5

(
n
3

)
+ 1

11 466
σ5

(
n
4

)
− 61

61 152
σ5

(
n
6

)
− 32

5733
σ5

(
n
8

)
− 61

3822
σ5

(
n
12

)
+ 1952

1911
σ5

(
n
24

)
+ 230

273
a1(n)

+ 4484
819

a1

(
n
2

)
+ 15 248

273
a1

(
n
4

)
+ 162 304

273
a1

(
n
8

)
− 1

12
a2 (n)− 20

3
a2

(
n
2

)
+ 93

4
a2

(
n
3

)
+ 36a2

(
n
6

)
− 16

21
a3 (n) +

112
9
a3

(
n
2

)
− 512

7
a3

(
n
4

)
− 24a4

(
n
3

)
+64a5 (n) + 64a6 (n) + 256a7 (n) ,
N(22, 36, 64;n) = − 1

91 728
σ5 (n) +

1
91 728

σ5

(
n
2

)
+ 61

30 576
σ5

(
n
3

)
+ 1

11 466
σ5

(
n
4

)
− 61

30 576
σ5

(
n
6

)
− 32

5733
σ5

(
n
8

)
− 61

3822
σ5

(
n
12

)
+ 1952

1911
σ5

(
n
24

)
+ 1016

819
a1 (n)

+ 7148
819

a1

(
n
2

)
+ 99 616

819
a1

(
n
4

)
+ 116 224

91
a1

(
n
8

)
− 1

6
a2 (n)− 12a2

(
n
2

)
+ 69

2
a2

(
n
3

)
+ 36a2

(
n
6

)
− 68

63
a3 (n) +

160
9
a3

(
n
2

)
− 9088

63
a3

(
n
4

)
− 36a4

(
n
3

)
+64a5 (n) + 64a6 (n) + 512a7 (n) ,
N(22, 38, 62;n) = − 1

45 864
σ5 (n) +

1
45 864

σ5

(
n
2

)
+ 61

15 288
σ5

(
n
3

)
+ 1
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