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ABSTRACT 
 

Jamming arches and jamming probability of flowing elliptical disks at the opening of a two-
dimensional rotating hopper is studied experimentally. A two-dimensional rotating hopper of 
Plexiglas with variable opening width and slope is constructed to conduct quasi two-dimensional 
flows of elliptical disks with different aspect ratios. Results show that the jamming probability and 
jamming arch structures are significantly influenced by the aspect ratio. There exist an upper and a 
lower limit of the hopper opening width, in which the jamming probability decreases monotonically 
as the opening width increases. When the opening is smaller than the lower limit, completely 
jamming takes place, while above the upper limit no jamming appears. As the aspect ratio 
increases, the jamming probability increases correspondingly for fixed hopper slope and opening 
width. For the jamming arch structures, increasing the aspect ratio tends to induce smaller 
horizontal average span, with a fluctuating tendency of the vertical average span for fixed values of 
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the average arch number. For a fixed horizontal average span, increasing the aspect ratio gives 
rise to increase the average arch number. These imply that, for less narrow disks, the induced 
jamming arches are more semi-circular, while relatively flat jamming arches are triggered when 
disks are more narrow. The study delivers a physical mechanism of jamming phenomena of 
elliptical disks in a two-dimensional rotating hopper. 
 

 
Keywords: Elliptical disks; jamming arches; jamming probability; rotating hopper. 
 
1. INTRODUCTION  
 
Dry granular matter is of a large amount of 
discrete solid grains, in which the interstitial 
space is filled by a gas [1-4]. When in flows, 
long-term frictional contact and sliding, and short-
term instantaneous inelastic collision among the 
grains emerge. Two-fold grain-grain interactions 
result in significant rheological features with 
distinct microstructural effects [2,4]. It happens 
frequently that grains accumulate themselves 
near the critical flow regions, at which stable                       
and unstable force chains in arches are              
induced, transiting fluid-like motion to solid-like 
state [1,5,6]. While stable arches are sufficient       
to halt the impact of the incoming grains to jam 
the flow, unstable arches may be broken, 
yielding typical stick-slip phenomena [1,4,7,8]. 
This may induce unexpected pressure 
fluctuations on the side walls of hoppers and 
silos, and lead to not only unfavorable 
discontinuous mass discharge flows, but also 
trigger, in most serious circumstances, failure of 
the storage facilities [1,3,4]. Thus, the jamming 
arches near the throat regions of hopper and silo 
flow passages need to be investigated to avoid 
unfavorable structure failure in discharging 
processes of dry granular raw material or 
products. 
 
Jamming near the openings of hoppers and silos 
has been studied experimentally for dry spherical 
grains, e.g. [9-16]. The grain size (grain 
diameter), hopper flow passage slope and 
opening were recognized to be critical in 
jamming processes. The jamming probability 
decreased exponentially as the dimensionless 
opening increased [13-16]. There existed a 
critical dimensionless opening, over which 
arches could not be formed. However, the 
relation between jamming probability and grain 
geometry was yet clear [17,18]. Simulations by 
using Discrete Element Method (DEM), based on 
hard- and soft-sphere models, have been 
conducted, with simulated results similar to those 
of experimental outcomes for spherical grains, 
e.g. [19-23]. For non-spherical grains, due to that 
the contact points and force chains were hardly 

determined, the simplification of non-rotating 
grains yielded unsatisfactory outcomes. 
Theoretical studies on arch structures were 
essentially based on the restricted self-avoiding 
random walker model and statistical mechanics 
for spherical grains, e.g. [13-16], while 
extensions for non-spherical grains seemed 
inappropriate. 
 
Jamming probability was equally influenced by 
the grain properties and arrangements for 
spherical grains, e.g. [21-26]. Increasing grain 
amount in a two-dimensional rotating hopper 
tended to increase jamming probability for fixed 
hopper slope and opening, while reducing 
jamming probabilities were obtained for more 
elastic grains, resulted from the broken of arches 
by more intensive momentum of the incoming 
grains. 
 
Although stable arches take place more easily in 
non-spherical grains via the point contacts 
among the grains and solid boundaries, 
quantitative experimental studies on the 
influence of grain geometry on jamming 
processes are insufficient. The focus of the study 
is thus on the influence of grain geometry on 
jamming probability in hopper and silo flows. 
Specifically, a two-dimensional rotating hopper of 
Plexiglas with varied slope and opening is 
constructed, into which elliptical Plexiglas disks 
with varied aspect ratios are deposited to 
conduct jamming processes induced by arches. 
The influence of the aspect ratio of the elliptical 
disks on the jamming probability and the 
corresponding jamming arches are investigated 
experimentally. It will be shown that there exist 
an upper and a lower limits of the hopper 
opening width, in which the jamming probability 
decreases monotonically as the hopper opening 
increases. When the opening is smaller than the 
lower limit, completely jamming takes place, 
while above the upper limit no jamming occurs. 
As the aspect ratio increases, the jamming 
probability increases correspondingly for fixed 
hopper slope and opening width. For less narrow 
disks, the induced jamming arches are more 
semi-circular, while relatively flat jamming arches 
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are triggered when disks are more narrow. Both 
jamming arch structures are sufficient to halt the 
impact of the incoming disks to trigger jamming 
process. 
 
In Sect. 2, the experimental setup and procedure 
are outlined, followed by the experimental 
outcomes and discussions in Sect. 3. The paper 
is summarized in Sect. 4. 
 
2. EXPERIMENTAL SETUP 
 
2.1 Two-dimensional Rotating Hopper    
 
A two-dimensional rotating hopper is 
constructed, as shown in Fig. 1(a). It consists of 
three layers: the steel back layer, serving as the 
base of the hopper; the intermediate Plexiglas 
layers, conducting hopper flow passage; and the 
Plexiglas front layer, providing a confinement to 
the flow passage. While the back and front layers 
are fixed, different intermediate layers are used 
to accomplish two-dimensional flow passages 
with different hopper slopes and openings. The 
two-dimensional hopper integration (item 4) is 
attached to a steel rotating shaft (item 2), which 
is connected subsequently to a program-
controlled servo-step motor (item 3) through a 
gear box to control the rotating speed and                 
angle. The whole facility sits on a steel                         
rigid foundation (item 1), associated with 
adjustable standers to maintain water level and 
minimize mechanical vibration during 
experiments. The overall dimensions of the 
experimental facility are shown in Fig. 1(a). 
Specifically, the thickness of the intermediate 
layers is slightly larger than that of elliptical disks 
to prevent particle overlapping during flows. With 
these, quasi two-dimensional hopper flows can 
be approximated. 
 
2.2 Elliptical Disks  
 
Two-dimensional elliptical disks of different 
aspect ratios, e = [1.0, 1.5, 2.0, 2.5, 3.0], are 
made of Plexiglas, shown in Figs. 1(b) and 1(c). 
The disk surfaces correspond to that of a 
spherical disk with a diameter of 5 mm. This is 
done so to minimize the influence of particle size 
segregation [1-4]. The disk thickness is 2 mm, 
slightly smaller than that of the hopper flow 
passage. The disks are polished to minimize 
contact friction among disks and solid boundaries. 
The dimensions of the two-dimensional rotating 
hopper facility and elliptical disks are 
summarized in Table 1. 

Table 1. Dimensions of the two-dimensional 
rotating hopper and elliptical disks 

 

Two-dimensional hopper facility  
Facility overall height ~ 1160 mm 
Facility overall width ~ 760 mm 
Facility overall depth ~ 950 mm 
Height of the hopper 
integration 

900 mm 

Width of the hopper 
integration 

520 mm 

Thickness of the 
hopper integration 

13 mm 

Thickness of the back 
layer 

5mm (steel plate) 

Thickness of the 
intermediate layers 

3 mm (Plexiglas 
plate) 

Thickness of the front 
layer 

5 mm (Plexiglas 
plate) 

Elliptical disks  
Thickness 2 mm 
Aspect ratio 1.0, 1.5, 2.0, 2.5, 3.0 

 

2.3 Theoretical Basis  
 
For spherical disks, the typical jamming arches 
are shown schematically in Fig. 2. The jamming 
probability can be approximated by using the 
restricted self-avoiding random walker model [13-
16], with the following geometric restrictions 
assumed a priori: 
 �2 > �� > − �2 ;    �	 > ⋯ > �� > ���	;     

� ��
�

��	
− � ��

�

��	
 ≥ �,   ∀� ≠ �;                           (1) 

 
in which ��  denotes the straight line from the 
center of the ith disk toward that of the i+1th disk, ��  is the inclined angle of ��  with respect to the 
horizontal line, and D is the disk diameter. In 
doing so, the jamming arch is assumed to consist 
of n spherical disks. While the above geometric 
restrictions are appropriate for spherical disks, 
for the force chain exists along the lines 
connecting the centers of the disks, they are not 
applicable for non-spherical disks. This is due to 
that during flows the non-spherical disks may 
experience significant rotations, yielding complex 
distributions of the contact points among the 
disks. As to our knowledge, theoretical analysis 
of jamming arches of non-spherical disks is yet 
completed. Thus, the focus of the study is to 
investigate the jamming arches and resulting 
jamming probability of elliptical disks in a two-
dimensional rotating hopper by using 
experiments. 
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Fig. 1. (a) Two-dimensional rotating hopper with ov erall dimensions; (b) Schematic illustration 

of the elliptical disks (unit: mm); (c) Prototype o f the elliptical disks of Plexiglas 
 

 
 

Fig. 2. Typical jamming arch of spherical 
disks in a two-dimensional hopper [13] 

 
2.4 Experimental Procedure  
 
In experiments, the hopper slope is fixed, while 
the hopper opening and aspect ratio of the 
elliptical disks are considered controlled 
parameters, with the experimental setup 
summarized in Table 2. A fixed amount of 400 
disks is confined in a rectangular slot (150 mm * 
65 mm) with random orientations of the longer 
axes. The slot is put into the hopper, followed by 
the removal of the slot to conduct initial 
configurations of the elliptical disks. The two-
dimensional hopper is rotated from horizontal 
position to completely vertical position (i.e., 90° 
rotating angle) in a fixed time duration to conduct 
two-dimensional hopper flows of elliptical disks. 
In each setup of the controlled parameters, 50 
times experiments are conducted to determine 
the jamming probability PJ defined by 

 �� ≡ ��� ;     ̅ "  #$ ,                                                (2) 

 
with NJ the number of jammed flows and N the 
total number of experiments (i.e., N = 50). In 
equation (2)2,  ̅ is the dimensionless hopper 
opening, with as the shorter axis dimensions of 
elliptical disks. It is used in the forthcoming 
analyses to illustrate the jamming probability. In 
addition, the following three parameters are 
defined:  
 

 %& " %��� ;   '̅$ " '$�� ,   ()$ " ($�� ,                            (3) 

 
where nA is the average arch number, nJ the disk 
number consisting of jamming arch, '̅$  the 
average x-span of jamming arches, ()$  the 
average y-span of jamming arches, and xs and ys 
the horizontal and vertical spans of the jamming 
arches, respectively. These parameters are used 
to distinguish the structures of jamming arches. 
 

Table 2. Setup of jamming experiments 
 

Hopper slope � " 60° (fixed) 
Amount of elliptical 
disks 

400 (fixed) 

Time duration of 90 
degree rotation 

30 s (fixed) 

Hopper opening 
width 

 " 10~30 mm 
(varied) 

Aspect ratio of 
elliptical disks 

. " 1.0, 1.5, 2.0, 2.5, 3.0 
(varied) 

 

(a) (b) 

(c) 

unit: mm 
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3. EXPERIMENTAL OUTCOMES AND 
DISCUSSION 

 
3.1 Experimental Calibration  
 
Fig. 3(a) shows the distribution of PJ versus  ̅ for 
the hopper slope of � " 60° for spherical disks; 
dotted line: the experimental outcome by                     
using the constructed facility; data points: 
experimental outcomes quoted from [13,14], in 
which square, triangle and diamond points 
correspond to the 200-, 400- and 700-disks, 
respectively. The dotted line demonstrates a 
nearly similar tendency as the experimental                   
data points. There exist an upper and a                     
lower limits of  ̅. Complete jamming takes place 
when  ̅  is smaller than its lower limit, while no 
jamming appears when  ̅ is larger than its upper 
limit. In-between PJ decreases nearly 
exponentially as  ̅  increases. The discrepancy 
between the dotted line and data                              
points corresponding to 400-disks results                       
from that (1) different spherical disks are used 
(dotted line: disks of Plexiglas; data points:                      
disks of aluminum), and (2) the hopper                     
rotating speeds are different. However, Fig. 3(a) 
delivers that PJ estimated by using the 
constructed facility is similar to those of                        
other experimental outcomes, and provides                      
a calibration of the experimental setup in the 
study. 

3.2 Influence of Aspect Ratio and Hopper 
Opening  

 
The influence of  ̅ on PJ is shown in Fig. 3(b), in 
which the amount of disks is 400, � " 60° and               
e = [1.0, 1.5, 2.0, 2.5, 3.0], indicated by the 
arrow. For fixed values of e, there exist an upper 
and a lower limits of  ̅. When the hopper opening 
is smaller than the lower limit, flows are 
completely jammed, giving rise to an unity 
jamming probability. When the hopper opening is 
larger than the upper limit, no jammed flows are 
recognized. In-between, PJ decreases 
exponentially as  ̅ increases. Similar tendencies 
are manifest for different values of e. Specifically, 
as e increases, the upper and lower limits of  ̅ 
shift gradually to the right, implying that for more 
narrow disks, smaller hopper opening can trigger 
stable jamming arches to yield jamming, while 
larger hopper opening is necessary for jamming. 
Similarly, as the aspect ratio increases, the 
jamming probability increases correspondingly. 
This results from that for more narrow disks, the 
disks can travel longer distances with significant 
rotations, so that force chains can be induced 
through the contacts near the narrow regions 
among the disks and solid boundaries. The 
induced force chains are relatively strong, and 
are sufficient to sustain the impacts of the 
incoming disks to induce jamming, giving rise to 
larger jamming probability. 

 

 
 

Fig. 3. Jamming probability versus hopper opening w idth 
(a) Experimental calibration for spherical disks; experimental data quoted from [13,14], in which square points 

correspond to the amount of 200 disks, triangle and diamond points correspond to the amounts of 400 and 700 
disks, respectively. (b) Experimental outcomes of jamming probability on variations in e = [1.0, 1.5, 2.0, 2.5, 3.0] 

indicated by the arrow for 400 disks 
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Fig. 4. Jamming arch structures 
(a) Average x-span, '̅$, in relation with the average arch number, %&. (b) Average y-span, ()$, in relation with the 

average arch number, %&, in which e = [1.0, 1.5, 2.0, 2.5, 3.0] indicated by the arrows. Dotted lines: e = 1.0; short 
dashed lines: e = 1.5; dashed-dotted lines: e = 2.0; dashed-doubled-dotted lines: e = 2.5; long dashed lines: e = 

3.0. The amount of disks: 400 
 
3.3 Structures of Jamming Arches  
 
Figs. 4(a) and 4(b) illustrate the analyses of the 
typical jamming arch structures for the amount of 
400 disks, � " 60° and variations in e = [1.0, 1.5, 
2.0, 2.5, 3.0], indicated by the arrows, in terms of 
the average arch number nA versus the average 
x-span, '̅$ , and y-span, ()$ , respectively. For 
spherical disks (e = 1.0), a certain amount of 
disks is needed to form stable semi-circular 
arches, in which force chains align to the centers 
among the disks (dotted lines). As e increases, 
the number of disks consisting of jamming 
arches, nA, increases correspondingly, implying 
that stable jamming arches can be induced in a 
distance away from the hopper opening. Based 
on this, more disks are required to form stable 
semi-circular jamming arches. However, larger 
values of e tend to yield larger values of %& (e.g. 
dashed line), implying that for more narrow disks, 
stable jamming arches can be formed in the 
neighboring regions near the hopper opening, in 
which jamming arches become less semi-
circular. Such a tendency is also revealed by the 
increasing tendency of the relations between '̅$ 
and %&  for different values of e, as shown in                 
Fig. 4(a). This is due to that for more narrow 
disks, the disks are traveling longer distance with 
significant rotations, by which their longer axes 
are aligning toward the hopper opening. At the 
neighboring locations near the hopper opening, 
relatively flat stable jamming arches can be 
formed through the strong contacts among the 
narrow parts of the disks, giving rise to larger 
jamming probability, as already demonstrated in 
Fig. 3. 

More precise jamming arch structures can be 
recognized by the ()$ -distributions, as shown in 
Fig. 4(b). For fixed values of e, ()$  increases 
gradually for smaller values of %&, while it drops 
for larger values of %& . Similar tendencies are 
manifest for different values of e. However, ()$ 
experiences fluctuations as e increases. This 
reflects that for less narrow disks, the induced 
stable jamming arches are nearly semi-circular, 
while for more narrow disks, relatively flat 
jamming arches are sufficient to trigger jamming. 
The tendency is equally indicated by the 
fluctuating tendencies of the relations between ()$ 
and %&  as e increases. The results correspond 
nearly to those recognized in a two-dimensional 
static hopper [27]. 
 
4. CONCLUDING REMARKS 
 
A two-dimensional rotating hopper of Plexiglas, 
driven by program-controlled servo-step motor, 
was constructed to conduct quasi two-
dimensional hopper flows of elliptical disks, 
which were made of Plexiglas with different 
aspect ratios. The disks were deposited into the 
hopper to conduct two-dimensional hopper flows 
of elliptical disks, for which the jamming 
probability, jamming arch structures and 
influence of hopper opening and aspect ratio of 
the disks were investigated experimentally. 
 
In contrast to the jamming processes in a static 
hopper, in which the disks experience constant 
gravity, the disks in the rotating hopper 
experience increasing gravity, in which the 
jamming is significantly influenced by the disk-
disk and disk-boundary interactions. It is found 

%& %& 

'̅ $ () $ 

(a) (b) 
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that for fixed hopper slope, opening width and 
aspect ratio, there exist an upper and a lower 
limits of the dimensionless hopper opening. 
Below the lower limit flows are completely 
jammed, giving rise to an unity jamming 
probability; while above the upper limit no 
jammed flows take place. In-between the 
jamming probability decreases exponentially as 
the dimensionless hopper opening increases. 
The jamming probability increases 
correspondingly as the aspect ratio increases. 
For less narrow disks, the number of disks 
consisting of jamming arches increases 
correspondingly, implying that stable jamming 
arches with larger amounts of disks, possibly in 
relatively semi-circular forms, can be formed in a 
distance away from the hopper opening. On the 
contrary, for more narrow disks, stable jamming 
arches can be formed in the neighboring regions 
near the hopper opening, in which jamming 
arches become less semi-circular with smaller 
amounts of disks. The force chains in the 
jamming arches are induced through the strong 
point contacts among the narrow parts of the 
disks, which are sufficient to halt the momentum 
of the incoming disks to give rise to larger 
jamming probability. 
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